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SUMMARY 
T h i s  pape r  is conce rned  w i t h  maximum l ike l ihood  
e s t i m a t i o n  of a p r o c e s s  ( o r  l o t )  a v e r a g e  p r o p o r t i o n  of  
d e f e c t i v e s  based  on a t t r i b u t e  s a m p l e s  t h a t  have been 
c u r t a i l e d  e i t h e r  w i t h  r e j e c t i o n  o f  a l o t  on  f i n d i n g  t h e  
k t h  d e f e c t i v e  o r  w i t h  a c c e p t a n c e  on f i n d  t h e  K t h  non- 
d e f e c t i v e .  The MLE, i, based  on i n s p e c t i o n s  from a 
sequence  o f  m l o t s  is shown t o  be sim,ply t h e  r a t i o  of 
t h e  number of  d e f e c t i v e s  fDund t o  t h e  t o t a l  number of 
i t e m s  i n s p e c t e d ,  and t h e  a s y m p t o t i c  v a r i a n c e  of t h i s  
estimator is shown t o  be a p p r o x i m a t e l y  fi(l-b)/Z" y 1 i '  
where $ yi is t h e  t o t a l  of a l l  i t e m s  i n s p e c t e d .  * 
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1. INTRODUCTION 
Maximum l i k e l i h o o d  e s t i m a t i o n  o f  t h e  f r a c t i o n  
d e f e c t i v e  and o f  t h e  ASN ( a v e r a g e  sample  number) i n  
s i n g l e  s t a g e  c u r t a i l e d  s a m p l i n g  h a s  been c o n s i d e r e d  
by P h a t a k  and B h a t t  [ 5 ] .  I n  two r e c e n t  p a p e r s ,  C r a i g  
[ 1 , 2 ]  d e r i v e d  s i m p l i f i e d  e x p r e s s i o n s  f o r  t h e  ASN i n  b o t h  
s i n g l e - s t a g e  and  i n  t w o - s t a g e  c u r t a i l e d  s a m p l i n g  p l a n s .  
I n  t h e  p r e s e n t  p a p e r ,  a rgumen t s  p r e v i o u s l y  advanced  i n  
o b t a i n i n g  es t imators  are s i m p l i f i e d  by c h o o s i n g  t h e  number 
of items i n s p e c t e d  as  t h e  b a s i c  random v a r i a b l e  r a t h e r  
t h a n  t h e  a r t i f i c i a l  v a r i a b l e  employed i n  [ 5 ] .  The e n d  
. r e s u l t s  o b t a i n e d  h e r e  are t h e  same as  c o r r e s p o n d i n g  
r e s u l t s  o b t a i n e d  by P h a t a k  and  B h a t t .  
Our c o n c e r n  h e r e  is w i t h  a t t r i b u t e  a c c e p t a n c e  p l a n s  
i n  which randomly selected i n d i v i d u a l s  u n i t s  f rom a l o t  
are i n s p e c t e d  i n  s e q u e n c e  u n t i l  e i t h e r  
1, an a c c u m u l a t e d  t o t a l  of  k d e f e c t i v e s  a re  f o u n d ,  
2 ,  an accumula t ed  t o t a l  o f  K n o n - d e f e c t i v e s  are  
f o u n d ,  i n  which  case t h e  l o t  is  a c c e p t e d .  
* Research s p o n s o r e d  by t h e  Aero-Ast rodynamics  L a b o r a t o r y  
of t h e  M a r s h a l l  S p a c e  F l i g h t  C e n t e r ,  N a t i o n a l  A e r o n a u t i c s  
and  Space  A d m i n i s t r a t i o n ;  C o n t r a c t  NAS8-11175. The contract 
monitor is Mr. L. W. Falls, R-AERO-YT. 
The number of items Y, inspected in order to reach 
a decision with respect to acceptance or rejection of a 
given lot is thereby a discrete random variable which may 
assume the values k, k+l, . . . ,  n, where 
Sampling may thus be terminated after inspecting as few as 
k items from a lot, and in no case will more than n items 
be inspected from a given lot. 
2. THE RANDOM VARIABLE Y. NUMBER ITEMS INSPECTED 
Let p designate the probability of selecting a 
defective in a single trial. and let this probability 
remain constant from trial to trial. Furthermore, let the 
trials be stochastically independent. Thus. p may be 
interpreted as the process average proportion of defectives. 
For sufficiently large lots. however, we may justify 
considering p as the proportion of defectives in the lot. 
The probability function of Y may be expressed as 
f(y;p) = f(y nR:p) + f(y nA;p)? 
where f(y nR;p) is the joint probability that Y = y ,  
3 
and that the lot will be rejected, whereas f(y nA;p) 
is the joint probability that Y = y, and that the lot 
will be accepted. It follows that 
and 
where q = 1 - p. 
Functions (3) and (4 )  are recognized as probabil- 
ity functions of one-parameter negative binomial distribu- 
tions. The probability function (2) may be expressed as 
f(y nR;p); y I k, k+l, ..., K-1. i 
On substituting (3) and (4) into ( 5 ) ,  we have 
4 
I -  
[k- 11 
pkqY-k ; Y = k, k+l, ..., K-1, 
I 0 ,  elsewhere. 
I 
i .- 
The probability of rejecting a lot follows from (3)  
when we sum on y from k to n. Thus 
It has been shown by Patil [ 3 , 4 ]  by Morris [ 6 ] ,  and 
perhaps by others that the following identity holds 
between the binomial and the negative binomial distributions 
( 8 )  
Therefore, the probability of rejecting a lot can be 
expressed in the alternate form 
5 
where Z is t h e  number o f  d e f e c t i v e s  p r e s e n t  i n  a 
sample  of size n ,  a n d  where n is g i v e n  by ( 1 ) .  
I t  c o n s e q u e n t l y  f o l l o w s  t h a t  t h e  o p e r a t i n g  c h a r a c -  
t e r i s t i c  c u r v e  o f  t h e  c u r t a i l e d  s a m p l i n g  p l a n  descr ibed  
above  as s p e c i f i e d  by k and K is i d e n t i c a l  w i t h  t h e  
o p e r a t i n g  c h a r a c t e r i s t i c  c u r v e  o f  an  o r d i n a r y  s i n g l e  
s a m p l i n g  p l a n  s p e c i f i e d  by n and  k where n = k 4- K - 1 .  
C u r t a i l m e n t  o f  c o u r s e  p e r m i t s  a d e c i s i o n  t o  be r e a c h e d  
w i t h  f ewer  i n s p e c t i o n s  t h a n  when f i x e d  s i z e  s a m p l e s  are 
employed.  
3 .  I$STIMATION USING CURTAILED SAMPLES 
Suppose t h a t  m l o t s  have  been s u b j e c t e d  t o  i n s p e c -  
t i o n  i n  a c c o r d a n c e  w i t h  t h e  c u r t a i l e d  p l a n  descr ibed i n  
S e c t i o n  2 .  L e t  a be t h e  number of  l o t s  t h a t  were a c c e p t e d  
a n d  l e t  r be t h e  number re jected so  t h a t  
m = a + r .  
6 
Let  t h e  number of  d e f e c t i v e s  found and t h e  number of  
i t e m s  i n s p e c t e d  be r e c o r d e d  f o r  e a c h  l o t .  The sample  
where zi (i = 1, ..., a) is t h e  number of d e f e c t i v e s  
found i n  t h e  i t h  a c c e p t e d  l o t  
is t h e  number of d e f e c t i v e s  found i n  e a c h  rejected l o t .  
(zi < k) and k ,  of c o u r s e ,  
W e  c o u l d  describe o u r  sample  more c o n c i s e l y  as  c o n s i s t i n g  
of t h e  p a i r e d  v a l u e s  ( z i , y i ) ;  i = 1: 2, .... m .  w i t h  
z 
Using ( 6 ) ,  the l i k e l i h o o d  f u n c t i o n  f o r  s u c h  a sample 
< k fo r  a c c e p t e d  l o t s  and  zi = k f o r  r e j e c t e d  l o t s .  i 
follows as 
On t a k i n g  l o g a r i t h m s  of ( l l ) ,  d i f f e r e n t i a t i n g  w i t h  
r e s p e c t  t o  p ,  e q u a t i n g  t o  zero, and  s o l v i n g  f o r  p 
w e  o b t a i n  
7 
[‘ j=1 y’aKl + r k *  
m 
We n o t e  t h a t  i n  ( 1 2 ) ,  
r k  = number o f  d e f e c t i v e s  i n  r r e j e c t e d  l o t s  
a K  = number of n o n - d e f e c t i v e s  i n  a a c c e p t e d  l o t s ,  
f Yj = t o t a l  number i n s p e c t i o n s  f rom a a c c e p t e d  l o t s ,  
1 
A c c o r d i n g l y ,  (12.) can be w r i t t e n  as 
(13)  
A T o t a l  number o f  d e f e c t i v e s  f o u n d  . 
P =  
T o t a l  number of  u n i t s  i n s p e c t e d  
The a s y m p t o t i c  v a r i a n c e  of p i n  t h i s  case c a n  be o b t a i n e d  
as V(;) - -1/E(a h L / a p  ) .  which a f t e r  c e r t a i n  a l g e b r a i c  
r e d u c t i o n  becomes 
2 2 
v (i) &/mE (Y) (14)  
8 
The expected v a l u e  of Y is g i v e n  i n  S e c t i o n  4 which  
follows. 
t h e  mean o f  t h e  obse rved  v a l u e s  of Y s h o u l d  p r o v i d e  a 
r e a s o n a b l e  a p p r o x i m a t i o n  t o  E ( Y )  . 
v a r i a n c e  o f  (14) might  be a p p r o x i m a t e d  a s  
However. f o r  a s u f f i c i e n t l y  large number of l o t s ,  
A c c o r d i n g l y .  t h e  
4 .  AVERAGE SAMPLE S I Z E  I N  
CURTAILED SAMPLES 
I n  t h e  n o t a t i o n  of t h i s  paper .  t h e  a v e r a g e  sample  
s ize  (or average sample number.  ASN) is mere ly  t h e  
expected v a l u e  of Y. 
L 
ASN = E(Yj. 
It  fo l lows  from (6) t h a t  
(16) 
Y - 1  
. (17) I 
E ( Y )  Y (k-l) pkqy-k 
y=k y =K K - 1  
wh ich ,  u s i n g  t h e  i d e n t i t y  of (81, becomes 
where  
9 
The expression given above in (18) was given by Phatak 
and Bhatt [ 5 ] ,  and an equivalent form which enjoys certain 
advantages for computational purposes  was given by Craig [1.2]. 
10 
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